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A solution is obtained to the p rob lem of calculat ing the flow induced in the ambient  medium by 
a plane je t  expelled f rom a nozzle  of finite d imensions .  The theore t ica l  r e su l t s  a r e  in s a t i s -  
fac tory  ag reemen t  with the exper iment .  

In a number  of technical  appl icat ions it is of in te res t  to study the influx of a fluid toward a jet  caused 
by the eject ing act ion of the jet.  A solution to the p rob lem of the fluid flow induced by a s o u r c e - j e t  is 
given in [1], while for  the flow induced by  plane and fan-shaped  jets  expelled f r o m  infinitely n a r r o w  s lots  
solutions a re  given in [2]. 

An a t tempt  to take the initial  por t ion  of the jet  into account has  been made in [3], where  the p r e s -  
sure  dis t r ibut ion at the wall  was de te rmined  by  the s o u r c e - s i n k  method for  a jet  expel led f r o m  an un- 
bounded wall no rma l  to the axis of the jet. 

Figure  1 shows the flow pa t t e rn  for  a plane turbulent  submerged  jet  expelled f rom a nozzle with a 
width 2b 0. In accordance  with [4], the jet  boundar ies  a re  a s sumed  to be  r ec t i l i nea r ,  while the t r a n s v e r s e  
veloci ty  component v 0 at the initial (for r -< r0) and main  (for r - r0) por t ions  of the jet  a re  defined, r e s -  
pec t ive ly ,  by the re la t ions  

v0 0.036 Ua; vo 0.181 l / ~  U a = - -  - - (1 )  
] / r  

The fluid flowing to the jet  is a s s um ed  to be ideal and incompress ib le ,  and the flow to be a potential  
one. In this s ta tement ,  the calculat ion of the veloci ty  field beyond the jet  r educes  to the solution of the 
Laplace  equation for  the s t r e a m  function 

0~r ~ 1 0~? + 1 0~? - - 0  (2) 
Or ~ r Or r ~ 0 0 2 

with the boundary conditions 

0~ 1 for r=O ~ = 0 ,  for r---~oo - - - ~ - 0 ,  ar for O = a  ~ = 0 ,  for 0 = 0  ~ = f ( r ) .  (3) 
Or r aO 

The value of the s t r e a m  function at the jet  boundary is calculated f rom the known value of the t r a n s -  
v e r s e  veloci ty component  (1) 

( r ,  O) = ~v o dr, 

f rom where  

f (r) = { k :  for 0 ~ r ~ r 0 ,  (4) 

klr0 + k2 ( V r - -  1: ~0) for r2 ~ r < ~ ,  

where  k 1 = - 0 . 0 3 6  Ua ,  and k 2 = -0.362~'b-0U a .  

By introducing a new requ i red  function W(r,  0) 

IV{r, 0 ) = , ( r ,  0) + f ( r )  ( - ~  - 1 )  (5) 

Mechanics Inst i tute,  Leningrad.  Trans la ted  f rom Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 15, No. 5, 
pp. 836-842, November ,  1968. Original a r t i c le  submit ted November  14, 1966. 

o 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

1056 



\ a \ 
r \ 

4 I  ' . -  . ~ - ' = " & ' : 2 2  " ' . . 1 . . : . . : . ' . . .  

' . ~ ~  . -=~.~ . - . . ' . .  ":'.i.....'...:.. : 
. . . .  , " , . .  - , . . .  , ,  / - - ' ~ ' " .  . . . .  ' - ' .  . . . . . . .  I'.-:.:):::: 

" ~ " '  - . Z .  �9 " . :  . "  1 . "  �9 " "  " "  " :  

Fig .  1 

F ig .  1. F l o w  p a t t e r n .  
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Fig .  2. P r e s s u r e  d i s t r i b u t i o n  o v e r  the  n o z z l e  w a l l  (0 = a ) .  C a l c u l a t e d  f r o m  (17)-(19):  1) fi = 37r 
/ 4 ;  2) fl = Ir/2;  c a l c u l a t e d  f r o m  (21)-(23):  3) fl = 37r/4; 4) fl = Ir/2; e x p e r i m e n t :  a) UoL = 80 m / s e e ;  
b) 100 m / s e c ;  c 150 m / s e c ;  d) e x p e r i m e n t a l  d a t a  [3]. 

Eq. (2) r e d u c e s  to an i n h o m o g e n e o u s  d i f f e r e n t i a l  equa t ion  

OeW 1 OW 1 O~W 
- - +  4 

Or 2 r Or r 2 0 0 2 
- (6) 

w i th  h o m o g e n e o u s  b o u n d a r y  cond i t i ons  

for r = 0  W = 0 ,  for r --~ OW I OW 

Or r O 0 

for 0 = 0  W = O ,  for 0 = a  W = O .  

- -  - - ~ 0 ;  

(7)  

The  s o l u t i o n  of  Eq. (6) i s  sought  in s e r i e s  f o r m :  

W~(r, O ) = E  W~(r) sin na~O 

T h e  c o e f f i c i e n t s  of s e r i e s  Wn(r  ) a r e  d e t e r m i n e d  f r o m  the  equa t ion  

Wn-- - - - -  (r2f " q- r f ) .  
n ~  

(8) 

(9) 

Equa t ion  (9) i s  the  E u l e r  equa t ion .  

fo r  r e g i o n  r -< r 0 

fo r  r e g i o n  r -> r 0 

It is  i n t e g r a t e d  in e l e m e n t a r y  func t ions :  

,?.._~_~ nn 2/n n 
IV,, = Clr ~ q- C2r 1--  ( - ~ - )  z klr,  (10) 

W n = c 3 r a  "4-CK ~ ~ k~V~. (11) 

4 

T h e  c o n s t a n t s  of  i n t e g r a t i o n  CI, C 2, C3, C 4 a r e  ob t a ined  f r o m  the  b o u n d a r y  cond i t i ons  a t  the  o r i g i n  
of the  c o o r d i n a t e s  (r  -- 0) and at  in f in i ty  (r  = ~,) a s  we l l  a s  f r o m  the condi t ion  fo r  " s p l i c i n g "  the  s o l u t i o n s  
at  the l ine  r = r 0. The  r e s u l t i n g  equa t ion  fo r  the  s t r e a m  func t ion  of the  flow u n d e r  c o n s i d e r a t i o n  has  the  
fo r  m 
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fo r  the reg ion  r - r0; 

- -  k~,/7:-  I --  ks a ~ ro 1 kLro a n nO 
"(2n ~ ) 2 2 1  na ~ (n h) ~ -~ 2 ~ 1 sin a 

s i n (  a 0 t 
2 2~, 

, (r ,  O)=(k~ro--k2Vro~)(1---~Oa ) +  k2~ sin 

2 

2 1 ( ' ~  _ ,o , + ~ , ~  ~ o  ~- [ k~ro a 1 kza V~o 1 kt a + 
n = l \ r /  [ ~ - ~  l+n--~a (2nn)2 --21 + n___~a (nn)~ -~ 2(n~Y J sin - - a  

fo r  the r eg ion  r -> r 0. 

The  p ro j ec t i on  of the influx r a t e  a r e  def ined by the de r i va t i ve s  of the s t r e a m  funct ion 

1 o~ o ,  
V r - -  , D 0 ~ -  

r 00 Or 

Cons ide r ing  the r e l a t ions  

2 ( ~ )  ~+ , ~ _ ~ 1 ~o~ ~+o o- 
~x 2 ~  

~ l n  1--2 cos - - +  

and 

n ~  

n G, 

(~o) ~ s,n +-~o 
= arctg 

C O S  - -  

the  ve loc i ty  components  of the flow beyond the je t  may be wr i t t en  a s :  

fo r  the r eg ion  r - r 0 ( / [  (:~)+ +0 (�88 
v r = kx cos (a - -  0) .~_ k~ V~r-'o'o klro . In I - -2  cos - -  -k 

sl~n a 4n r 2n r , a 

- ] . . o  Z r T ~ro 1 ks+r ro 1 . cos 
~ r  n ( 1 - _ ~ n ~ ) 4 ~ r  ( 1 .  n ~ )  a 

n = l  - -  n " 2  a 

~ s'n~~176 + (+~"~. 2~, ~+'r~ ) arC,+r 
C O S  - -  

. _ )] + v  ( , ) + [ + l r o  ( 1 ) +,,.'~o ( ' sin ++0 

a 2 a 

fo r  the r eg ion  r >- r 0 

0 r 

a - - O  
COS - -  ~ 2~: 

ar -~ 2 V  r sin_aa + " 4~r  2:~r In I - -2  k r I t ~  ~ c o s - - + a  

2 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
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Fig.  3. Dis t r ibu t ion  of  the influx r a t e  
a long the  d i r ec t i ona l  beam 0 = a / 2 .  
Calcula ted  f r o m  (18)-(19): 1) fl = 31r/4; 
2) fl = ~/2;  ca lcu la ted  f r o m  (21)-(23): 
3) fl = 37r/4; 4) fl = r / 2 ;  expe r imen t :  a) 
U a = 100 m / s e e ;  b) U a = 150 m / s e e .  

v o = 

| , m  

'-- 1 
Z (-~-)"~-[ klr~ ( 1 )  --nr n 1+ n~Zu 4nr n ( 1  l + n~a ) c~ nnO-u ' (19) 

2 t"r sin a -F ~z r 2~ r arctg ~ a __ a kffo 
- -  �9 / r . \ - - 4 -  z~O = ~xr 

2 1--  cos - -  

1 ks V r0 1 ] • sin n~O (20) 
n (1-+- na~- ) 4r~r n (-~-~ + . - 7 - )  a 

For  influx r a t e s  obtained f r o m  (17)-(20), the r a r e f a c t i o n  c r ea t ed  by the je t  is d e t e r m i n e d  f r o m  the 
Bernoul l i  in tegra l .  For  r 0 ~ 0 ,  Eqs.  (13), (19), (20) r educe  to the known Solution [2] for  a fluid flow in-  
duced  by a plane s o u r c e - j e t :  

~ - - 0  sin - -  
(r, O) = ks V~r - 2 , 

sin u 
2 

a - - O  
COS - -  

ks 2 
v, 2 VF sin ~ ' 

2 

(21) 

(22) 

a - - O  sin 
k2 2 

0 0 ~ - -  

2 V 7  sin a__: 
2 

(23) 

Influx to the je t  was  s tudied us ing an a r r a n g e m e n t  tha t  p roduced  a plane a i r  jet.  The jet  was  expel led 
f r o m  nozz les  with a ha l f -wid th  2b0 of 28 and 10 ram. The exhaus t  ve loc i t i e s  Ua at the nozzle  ex is t  sec t ion  
w e r e  80, 100, and 150 m / s e c .  The ve loc i ty  prof i le  at the nozzle  ex is t  sec t ion  was  a s s u m e d  to be un i fo rm.  
The jet  t e m p e r a t u r e  was  equal to the ambient  t e m p e r a t u r e .  The p r e s s u r e  d i s t r ibu t ion  over  the outer  
nozz le  wal l  was  m e a s u r e d  with m i c r o m a n o m e t e r s ,  and the influx to the jet  with a h o t - w i r e  a n e m o m e t e r .  
F igure  2 shows the d i s t r ibu t ion  of  the p r e s s u r e  coeff ic ient  Cp = (p - p~o)/(PUa/2) over  the ou te r  nozzle  wall  
(0 = o~) for  two va lues  of angle  fl, and Fig. 3 the d i s t r ibu t ion  of the influx r a t e  along the d i r ec t iona l  beam 
0 = a / 2  for  the s a m e  va lues  of ft. The f igu res  a l so  show the p r e s s u r e  and ve loc i ty  p ro f i l e s  for  the tes t  
condit ions ca lcu la ted  both f r o m  the t h e o r y  p r o p o s e d  (solid curves)  and by the s o u r c e - j e t  method (dashed 
curves ) .  For  an incl inat ion angle fl = 7r/2 of the nozz le  outer  wall  with r e s p e c t  to the je t  ax is ,  p r e s s u r e  
m e a s u r e m e n t s  have a l so  been  p e r f o r m e d  in [3]. The data  obtained in [3] a r e  in s a t i s f a c t o r y  a g r e e m e n t  
with our  r e s u l t s  (see Fig.  2). A c e r t a i n  quant i ta t ive  d i s c r e p a n c y  nea r  the nozz le  can be appa ren t ly  i n t e r -  
p r e t ed  by the d i f fe rence  in our  and Wygnansk i ' s  expe r imen ta l  p ro f i l e s .  
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It can be seen f rom (17)-(20) and f rom exper imen t s  that in d imens ion less  coordina tes ,  the veloci ty 
and p r e s s u r e  prof i les  a re  universa l  with r e spec t  to the conditions at the nozzle exis t  sect ion and that they 
depend on the angle fo rmed  by the jet  axis and the nozzle wall. The compar i son  shows good a g r e e m e n t  
between the theore t ica l  and exper imenta l  data,  and r evea l s  the imoor tance  of taking into account the inlet 
por t ion of the jet  which has  an apprec iab le  effect  on the nature of the influx at d is tances  of up to 50 nozzle 
d i ame te r s .  

r ,  
VO, V r 
r 
Ua 

bo 

r o 

P 

P 

P~ 

N O T A T I O N  
are  polar  sys t em coordinates ;  
a re  t r a n s v e r s e  and rad ia l  veloci ty components;  
is the s t r e a m  function; 
,s the exhaust  veloci ty  f rom the nozzle; 
,s the half-width of plane nozzle; 
,s the length of inlet por t ion  of the jet; 
,s the angle between tu rbu len t - je t  boundary and nozzle wall; 
,s the angle between jet  axis and nozzle wall; 
,s the density; 
,s the p r e s s u r e ;  
is the p r e s s u r e  in unper turbed medium. 
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